We report dynamic Monte Carlo simulations and statistical thermodynamic theories of a lattice-polymer model, in which polymer crystallization and liquid-liquid demixing of semiflexible homopolymer solutions were investigated simultaneously. In our simulations, the equilibrium phase transition temperature was approached by the onset of phase transitions on cooling, when an introduced substrate greatly decreased the kinetic delay caused by the homogeneous nucleation. The simulation results about the phase transition temperatures and their shift due to the interplay of phase transitions showed good agreement with the predictions of mean-field theories. In addition, upon cooling through the monotectic triple point in a concentrated solution, our simulation found that liquid-liquid demixing is kinetically favored over crystallization in the competitation of homogeneous nucleations.
Introduction
Lattice models of polymer solutions are widely used because of their simplicity and computational convenience. [1] [2] [3] [4] [5] [6] [7] [8] When modeling a polymer solution, the polymer chain occupies consecutive sites on the lattice, each site corresponding to the size of one chain unit, while the remaining sites correspond to solvent.
The use of lattice models for polymer solutions dates back to the work of Meyer [1] . Flory [2] and Huggins [3] showed how, using a mean-field approximation, the lattice model yielded a powerful tool to predict the solution properties of flexible [9] [10] [11] and semi-flexible [7] polymers. Various refinements to the Flory-Huggins (F-H) model have been proposed by a number of authors (see, e.g. Refs. [4] to [6] ). FH-style models can account for liquid-liquid (L-L) phase separations with an upper critical solution temperature (UCST) driven by the site-to-site mixing pair interactions in polymer solutions -however, they are ill suited to describe polymer crystallization, i.e. liquid-solid (L-S) phase transitions. As was shown in Ref. [8] , this limitation is not due to any intrinsic drawback of the lattice model as such, but to the nature of the mean-field approximation used in the F-H theory, since the driving forces for polymer crystallization, i.e. the compact packing tendency and chain inflexibility, can be expressed in bond-tobond anisotropic pair interactions. Clearly, in real polymer solutions, both crystallization and phase separation can occur on cooling. While lattice models for polymer solutions can account for both types of phase transitions, most theoretical and simulation studies have focused on one transition or the other, and little attention has been paid to their interplay. Such interplay may change the pathway of a phase transition [12, 13] and hence determines the complex structure-property relationships of crystallizable polymer mixtures, stimulating much experimental research dating back to Richards. [14] When L-S phase transition curve intersects L-L coexistence curve, both curves are terminated at the crossing point as a result of thermodynamic competition between two kinds of phase transition. At the crossing point, the fluid phase may phase-separate into a dilute solution and a dense crystalline phase, as depicted in Fig.1 . This combination of L-L demixing and crystallization is often referred to as "monotectic" behavior and has been observed in many experiments. [10, 15, 16] Special attention has been focused on the crossing point (monotectic triple point), near which the kinetic competition between L-L demixing and crystallization on cooling is an important issue for sol-gel transition and membrane preparation. [17] [18] [19] Under these conditions, L-L phase separation is expected to occur before crystallization. [20] Hence, the modulated concentration structures produced during the early stage of L-L demixing may be frozen in by subsequent crystallization. [21] This suggests a practical way to control the metastable morphology of polymer gels and membranes through thermally induced processes. A prediction of phase diagrams like Fig. 1 is of essential importance in designing this kind of process.
In this paper, we study the interplay of polymer crystallization and L-L demixing through current lattice theories and dynamic Monte Carlo simulations. In particular, we notice the shift of the crystallization and L-L demixing curves on the phase diagrams due to this interplay.
The remainder of this paper is organized as follows: after an introductory description of the simulation techniques, we compare the simulation results with the relevant theoretical predictions for the L-S phase transition curve in subsection 1, and the L-L phase separation curve in subsection 2. In both cases, the interplay of phase transitions is avoided. Then, we discuss the competition between these phase transitions on cooling, considering thermodynamic and kinetic aspects separately.
Simulation Techniques
In our Monte Carlo simulations, we used the single-site-jumping model with local sliding diffusions [22] to model the evolution of self-and mutually-avoiding polymers in a lattice box with periodic boundary conditions. In a cubic lattice, jumping was permitted along either the grid lines or the diagonals, so the coordination number of each site includes all the neighboring sites along the grid lines and the diagonals, and is 9+8+9 = 26.
The validity of this model has been verified by reproducing the size-and time-scaling laws of short-chain polymers in the molten state. [23] In a typical system, we considered a number of polymer chains, each consisting of 32 units. The polymers reside in a cubic box with 32 3 lattice sites. The polymer concentration was varied by changing the number of polymers in the simulation box. The Monte Carlo sampling was performed using the Metropolis method. Three energetic parameters were used to model the intra-and inter-molecular interactions of the polymers.
The first parameter E c measures the energy penalty associated with having two non-collinear consecutive bonds (a "kink") along the chain, reflecting the rigidity of chains. The second parameter E p measures the energy difference between a pair of non-parallel and parallel polymer bonds in non-bonded adjacent positions, reflecting the compact packing tendency of chain-like molecules in crystallization. Finally, the parameter B describes the polymer-solvent site-to-site mixing tendency. B is equal to the energetic loss of a polymer-solvent contact compared to an average over a polymerpolymer contact and a solvent-solvent contact. The total change in potential energy associated with a Monte Carlo trial move is
where ∆c, ∆p and ∆m denote the net changes in the number of kinks (∆c), the number of non-parallel packing pairs (∆p) and the number of polymersolvent contacts (∆m), k B is the Boltzmann constant and T temperature.
As shown in Eq. 1, three dimensionless parameters control the acceptance probability of Monte Carlo trial moves: E p /E c , the term that reflects the molecular driving force for crystallization, B/E c , the term that reflects the molecular driving force for L-L demixing, and E c /(k B T ), which is a measure for the system temperature. In our simulations, E c ≫ E p corresponds to rigid chains, while setting E c to zero simulates flexible chains. Therefore, we chose E p /E c = 1 to study the crystallization of semiflexible chains.
A proper choosing on the value of B/E c to study the L-L demixing will be discussed in the next section. We increased the value of E c /(k B T ) from zero in steps of 0.002. At each step, the total number of trial moves was 500 MC cycles, where one Monte Carlo cycle (MC cycle) is defined as one trial move of each chain unit on average. The first 400 MC cycles at each temperature were discarded for equilibration, after which samples were taken once per MC cycle and averaged. This process corresponds to a slow cooling of the sample system.
We approach the equilibrium phase-transition temperature through a dynamic cooling process. As in the practical experiments, the onset tem- In the following sections, we first set B/E c equal to zero, corresponding to the case where only crystallization occurs on cooling. Next, we set E p /E c to zero, while making B/E c large enough, to study only L-L demixing on cooling. Finally both parameters were set to non-zero values, in order to study the interplay of polymer crystallization and L-L demixing in solu-tions.
Results and Discussion

Crystallization without liquid-liquid demixing
When we set B/E c = 0 and E p /E c = 1, only the driving forces for polymer crystallization are switched on. The onset temperature of crystallization induced by the terraced substrate can be regarded as a good approximation to the equilibrium melting point and can be compared to the predictions of mean-field theory.
In Ref. [8] , the partition function of the mixed and disordered state of polymer solution was calculated as
in which
n 1 denotes the number of sites occupied by the solvent, n 2 the number of chains, each having r units, n = n 1 + rn 2 , q is the coordination number, and q eff the effective q for the mixing interactions.
Eq. 2 was derived by treating the demixed and fully ordered state of polymer solution as the ground state, which has the partition function equal to one. So, the equilibrium temperature of the disorder-order phase transition can be calculated from the equation Z = 1 by iteration. However, the theoretical results shown in the dashed curve of Fig. 3 give a poor prediction of the equilibrium melting points except at high concentration, in comparison with the simulation results on cooling either with a terraced substrate or under the absence of substrate. This dashed curve seems to fit better to the simulation results under the absence of substrate than to those with a terraced substrate, but this is a less meaningful comparison on account of the significant kinetic effect of phase transitions on cooling under the absence of substrate.
In fact, the large deviation on dilution can be attributed to a term missing from the estimated contribution of E p in Eq. 2. In Ref. [8] , we calculated the probability of finding a bond occupying the parallel position neighboring to an arbitrary bond as 4φ/q, where φ = rn 2 /n is the polymer volume fraction. The probability of non-parallel occupation of this bond position was calculated by the subtraction of 4φ/q from the probabilities of both double occupation and single occupation, but excluding the probability of zero occupation. However, with a reference of the fully phase-separated and ordered ground state, zero occupation is energetically equivalent to a kind of non-parallel packing state, whose contribution will become significant on dilution. Therefore, the correct probability of non-parallel occupa-tion should be 1 − 4φ/q and the E p contribution in Eq. 2 can be improved to give a new version of Eq. 2
The predictions for the equilibrium melting point calculated from Z = 1 with Eq. 3 are shown in the solid curve of Fig. 3 . Now, much better agreement can be observed between the theoretical predictions and the onsets of crystallization induced by a terraced substrate on cooling, especially in the dilute solutions.
Flory has derived the semi-empirical relationship between the melting point and the concentration of polymer in solutions, [24] as
where T 0 m is the bulk equilibrium melting point, ∆h u is the heat of fusion per monomer. The predictions of Eqn. 4 for the melting point depression upon dilution have been verified by several experimental measurements at both high and low concentrations [25, 26] . In Fig. 3 , the reciprocal onset 
Liquid-liquid demixing without crystallization
Even if we set both B/E c = 0 and E p /E c = 0, a disorder-order phase transition may still occur on cooling in the short chain system with high polymer concentrations. [8, 27] This transition is not, strictly speaking, a freezing transition but rather an isotropic-nematic phase transition: it is induced by the anisotropic excluded volume interactions between polymer chains, as the chain rigidity is increased with decreasing temperature. [7, 28] This transition has recently been studied extensively by Weber et al. [29] If we increase the value of B/E c while keeping E p /E c equal to zero, we should reach a point above which L-L demixing occurs prior to the isotropic-nematic phase transition on cooling. We focused our attention on the L-L demixing with the values of B/E c beyond that critical point, and kept track of the "mixing" parameter during a smart cooling. As the same as in the previous section, the onset temperature of L-L demixing induced by a terraced substrate on cooling should be a good approximation to the equilibrium phase separation temperature. A tentative binodal curve can thus be obtained in simulations to compare with the predictions of meanfield theories. Figure 4 shows the binodal curves for the sample systems with E p /E c = 0 and B/E c = 0.25. The binodal curve estimated on the basis of F-H expression for the mixing free energy change ( see Eq. 5), shows a small but constant deviation from the simulation results. As a matter of fact, Eq. 5
can be reproduced from Eq. 3 when setting E p = 0 and q eff = q − 2.
The lattice-cluster theory has been found to provide a much better fit to computer simulation results about the binodal curve when its secondorder expansion is employed. [30] To second order, the mixing free energy change per lattice site is [6] ∆F mix
where C 0 , C 1 and C 2 were chosen as the same as in Ref. [6] , and ǫ = 2B/(k B T ). From moderate to high polymer concentrations, the binodal curve predicted by the lattice cluster theory (dashed curve in Fig. 4 ) indeed yields better agreement than the F-H theory.
We note, however, that for very long polymer chains, the lattice cluster theory may predict more than one critical point. 
Kinetic competition
On cooling through the vicinity of the upper critical solution point on the L-L coexistence curve, the mechanism of phase separation should be a typical spinodal decomposition which shows no kinetic delay on cooling. When 
